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SUMMARY 

c3 - 
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An accu ra te  shock c a p t u r i n g  scheme i s  developed f o r  h i g h  speed f l o w .  The 
f l u x  l i m i t e d  d i s s i p a t i o n  scheme can be conver ted t o  a symmetric TVD scheme i n  
t h e  case o f  a s c a l a r  c o n s e r v a t i o n  law. A p p l i c a t i o n  t o  an o b l i q u e  shock wave 
problem shows t h e  improved r e s o l u t i o n  and accuracy when compared t o  t h e  
r e s u l t s  obta i f ied by t h e  adap t t ve  d t s s i p a t j o n  method, w h i l e  e x h i b i t i n g  corn- 
p a r a b l e  computat ional  e f f i c i e n c y .  
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INTRODUCTION 

I t  has been a d i f f i c u l t  t ask  f o r  computat ional  aerodynamic is ts  t o  c a p t u r e  
t h e  n o n o s c l l l a t o r y  shock waves. Unbounded growth o f  spu r ious  o s c i l l a t i o n s  
o f t e n  r e s u l t e d  i n  numer ica l  i n s t a b i l i t y .  C e n t r a l  d i f f e r e n c e  schemes produce 
good s o l u t i o n s  i n  smooth reg ions  of the f l o w ,  b u t  a r e  prone t o  o s c i l l a t i o n s  i n  
t h e  neighborhood o f  shock waves. I t  i s  wel l -known t h a t  t hese  w igg les  can be 
suppressed by t h e  i n t r o d u c t i o n  o f  a c a r e f u l l y  c o n t r o l l e d  b lend  o f  f i r s t  and 
t h i r d  o r d e r  numer ica l  d i s s i p a t i o n  t e r m s .  Recent ly  t h e  au tho rs  showed t h a t  t h e  
s t r o n g  o b l i q u e  shock waves i n  h i g h  Mach number f l o w s  can be captured by t h e  
method o f  a d a p t i v e  d i s s i p a t i o n  ( r e f .  1 ) .  

I t  has l o n g  been recognized t h a t  upwind d i f f e r e n c i n g  can e l i m i n a t e  unde-- 
s i r a b l e  o s c i l l a t i o n s  near shock waves. Stemming f r o m  t h e  mathematical  t heo ry  
o f  s c a l a r  c o n s e r v a t i o n  laws, Har ten  proposed t h e  concept o f  t o t a l  v a r i a t i o n  
d i m i n i s h i n g  (TVD) schemes ( r e f .  2 ) .  T V D  schemes p rese rve  t h e  m o n o t o n i c i t y  o f  
an i n i t i a l l y  monotone p r o f i l e ,  because t h e  t o t a l  v a r i a t i o n  would i nc rease  i f  
t h e  p r o f i l e  ceased t o  be monotone. 
u s i n g  m u l t i p o i n t  e x t r a p o l a t i o n  formulas t o  e s t i m a t e  t h e  numer ica l  f l u x ,  o r  by 
adding h i g h e r  o rde r  d i s s i p a t i v e  terms. I n  e i t h e r  case f l u x  l i m i t e r s  a r e  then  
needed t o  c o n t r o l  t h e  s igns of t h e  c o e f f i c i e n t s  o f  a semi -d i sc re te  approxima- 
t i o n  t o  t h e  h y p e r b o l i c  system ( r e f s .  2 t o  5 ) .  However, TVD schemes i n  two o r  
more space dimensions a r e  a t  most f i r s t  o r d e r  a c c u r a t e  ( r e f .  6 ) .  
two-dimensional  r e s u l t s  u s i n g  one-dimensional second o r d e r  TVD schemes and 
d imensional  s p l i t t i n g  show sharp r e s o l u t i o n  o f  d i s c o n t i n u i t i e s  w i t h o u t  o s c i l -  
l a t i o n s  ( r e f .  7 ) .  Jameson const ructed an e f f i c i e n t  scheme which i s  conver ted 
t o  a TVD scheme i n  t h e  case of a sca la r  c o n s e r v a t i o n  l aw  u s i n g  f l u x  l i m i t e d  
d i s s i p a t i o n  ( r e f .  5 ) .  I n  t h i s  paper, we i n t r o d u c e  a m o d i f i e d  fo rm o f  t h e  
scheme and a p p l y  i t  t o  h i g h  Mach number f l o w  c a l c u l a t i o n s .  
a r e  compared w i t h  t h e  r e s u l t s  obtained by t h e  a d a p t i v e  d i s s i p a t i o n .  
i m p l i c i t  scheme ( r e f .  1 )  i s  used as a b a s e l i n e  a l g o r i t h m .  

Second o r d e r  schemes can be cons t ruc ted  by 

Never the less,  

Computed s o l u t i o n s  
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GOVERNING EQUATIONS 

The E u l e r  equat ions a r e  ob ta ined  f rom t h e  Navier -Stokes equat ions by 
n e g l e c t i n g  v iscous terms. L e t  p ,  u, v, E, H, and p be t h e  d e n s i t y ,  Car- 
t e s i a n  v e l o c i t y  components, t o t a l  energy, t o t a l  en tha lpy ,  and pressure,  and l e t  
x and y be Car tes ian coo rd ina tes .  Then f o r  a two-dimensional  f l o w  these  
equa t ions  can be w r i t t e n  as 

where W i s  t h e  vec to r  o f  dependent v a r i a b l e s ,  and F and G a r e  c o n v e c t i v e  
f l u x  v e c t o r s  

The p ressu re  I s  obtained f rom t h e  equa t ion  o f  s t a t e  

These equat ions are t o  be so lved f o r  a steady s t a t e  aW/at = 0 
where t denotes t ime.  

SEMI -D ISCRETE F I N I T E  VOLUME METHOD 

A convenient  way t o  assure a steady s t a t e  s o l u t i o n  independent o f  t h e  t i m e  
s t e p  i s  t o  separate t h e  space and t i m e  d i s c r e t i z a t i o n  procedures.  I n  semi- 
d i s c r e t e  f i n i t e  volume method one begins by a p p l y i n g  a s e m i - d i s c r e t i z a t i o n  i n  
which o n l y  t h e  s p a t i a l  d e r i v a t i v e s  a r e  approximated. The use o f  a f i n i t e  v o l -  
ume method f o r  space d i s c r e t i z a t i o n  a l l o w s  one t o  handle a r b i t r a r y  geometr ies 
and he lps  one t o  avoid problems w i t h  m e t r i c  s i n g u l a r i t i e s  t h a t  a r e  u s u a l l y  
a s s o c i a t e d  w i t h  f i n i t e  d i f f e r e n c e  methods. The scheme reduces t o  a c e n t r a l  
d i f f e r e n c e  scheme on a C a r t e s i a n  g r i d ,  and i s  second o r d e r  accu ra te  i n  space 
p r o v i d e d  t h a t  t h e  mesh i s  smooth enough. I t  a l s o  has t h e  p r o p e r t y  t h a t  u n i f o r m  
f l o w  i s  an exac t  s o l u t i o n  o f  t h e  d i f f e r e n c e  equa t ions .  

LU IMPLICIT SCHEME 

L e t  t h e  Jacobian m a t r i c e s  be 

. 



and l e t  t h e  c o r r e c t i o n  be 

n t l  - wn 
dW = w 

where n denotes t h e  t i m e  l e v e l .  

The l i n e a r i z e d  i m p l i c l t  scheme f o r  a system o f  n o n l i n e a r  h y p e r b o l i c  equa- 
t i o n s  such as t h e  E u l e r  equat ions can be fo rmu la ted  as 

(I t 0 A t  ( D x A  t D B )  dW t A t  R = 0 ( 4 )  Y 
where R i s  t h e  r e s i d u a l  

R = D ~ F ( W " )  t D G(w") 
Y 

Here D, and Dy a r e  c e n t r a l  d i f f e r e n c e  opera to rs  t h a t  approximate a / a x  
and a /ay .  

I f  0 = 1 /2  t h e  scheme remalns second o rde r  a c c u r a t e  i n  t ime,  f o r  o t h e r  
va lues o f  0, t h e  t i m e  accuracy drops t o  fi,r;t o r d e r .  The u n f a c t o r e d  impl!c!t 
scheme (eq.  ( 4 ) )  produces a l a r g e  b lock banded m a t r i x  which i s  ve ry  c o s t l y  t o  
i n v e r t  and r e q u i r e s  huge storage.  An u n c o n d i t i o n a l l y  s t a b l e  i m p l i c l t  scheme 
which has e r r o r  terms a t  most o f  o rde r  ( A t ) 2  i n  any number o f  space dimen- 
s ions  can be d e r i v e d  by t h e  LU f a c t o r i z a t i o n .  

I t 0 A t  ( D i n t  + 

where D, and D y  a r e  backward d i f f e r e n c e  
and 06 a r e  fo rward  d i f f e r e n c e  opera to rs .  

dW + A t  R = 0 ( 5 )  

opera to rs  and 0: 
The reason f o r  s p l i t t l n g  i s  

t o  ens"ue t h e  d iagona l  dominance o f  lower and upper f a c t o r s  as w e l l  as t o  make 
use o f  t h e  b u i l t - i n  i m p l i c i t  d i s s i p a t i o n .  

Here, A , A-,  Bt, and 
m a t r i c e s  a r e  nonnegat ive and those o f  "-I '  m a t r i c e s  a r e  n o n p o s l t i v e .  

t 
B- a r e  cons t ruc ted  s o  t h a t  t h e  e igenvalues o f  " t "  

1 
A- = ( A  - r I )  t 1  

2 A A = - ( A  t r A I ) ,  

1 
2 B B- = - ( B  -. r I )  + 1  

2 B = - ( B  t r B I ) ,  

where 

Here, AA and AB rep resen t  eigenvalues o f  Jacobian m a t r i c e s .  Equat ion ( 5 )  
can be i n v e r t e d  i n  two s teps.  The LU i m p l i c i t  scheme needs t h e  i n v e r s l o n  o f  
sparse t r i a n g u l a r  m a t r i c e s  which can be done e f f i c i e n t l y  w i t h o u t  u s i n g  l a r g e  
s torage.  Th is  scheme has o n l y  two f a c t o r s  i n  t h r e e  dimensions. 
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FLUX LIMITED DISSIPATION SCHEME 

Consider the scalar conservation law 

- au t a f(u) = 0 at ax 

It i s  well known that the total variation 

cannot increase. 
to equation ( 8 )  I s  expressed in the f o r m  

Suppose now that a multi-point semi-discrete approximation 

The discrete total variation i s  

It can be shown (ref. 8 )  that this will not increase if and only i f  

and 
> - c (itl). . > -c (itQ-1) 0 -c ,(I) - - Q-1 

Now consider the scheme 

) = o  1 1  du 
t -(h dt AX 1+1/2 - hi-1/2 

i s  an approximation to the flux across the boundary between the where hi t1/2 
(itl)st and ith cells. Denoting f(u,) by f,, define the numerical flux as 

(12) 1 - 
hit1/2 = 2 (fitl + fi) dit1/2 

i s  a dissipative flux. 
i t1/2 where d 

e dit1/2 = a  1t1/2 1 6(ei+3/2* e 1t1/2 ) - 2 e  it1/2 6(eit1/2’ i-1/2 

for example. it1/2 = %l - pi where e 

6 (p,q) i s  known as Roe‘s min mod function (ref. 4 )  and can be defined as 

B(p,q) = { S(P) + s(q) min (Ipl,lql) (14) 
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where 

where k and k a r e  t h e  cons tan ts  and 
0 1 

The s p e c t r a l  r a d i u s  R can be est imated as t h e  va lue  o f  

R = .I Ayu - Axv I + cd- 

on t h e  edge s e p a r a t i n g  c e l l s  ( i t 1 , j )  and ( i , j )  i n  two-dimensions. c i s  t h e  
speed o f  sound. 

RESULTS 
__.__ 

A two-dimensional  schematic h i g h  speed i n l e t  i s  s e l e c t e d  as a model prob-  
lem t o  t e s t  t h e  performance o f  t h e  new shock c a p t u r i n g  scheme. A 54 by 32 
H-mesh i s  shown i n  f i g u r e  1.  F i g u r e  2 shows t h e  p l o t  o f  Mach number con tou rs  
f o r  t h e  Mach 5 f l o w  u s i n g  t h e  adap t i ve  d i s s i p a t i o n  method. Improved r e s u l t  by 
t h e  TVD scheme i s  shown i n  f i g u r e  3. The p l o t s  o f  Mach number a l o n g  t h e  cen- 
t e r l i n e  a r e  compared i n  f i g u r e  4 f o r  t he  a d a p t i v e  d i s s i p a t i o n  method and i n  
f i g u r e  5 f o r  t h e  TVD scheme. Wh i le  both methods c a p t u r e  n o n o s c i l l a t o r y  shock 
waves, t h e  r e s u l t s  o f  t h e  T V D  scheme show sharper r e s o l u t i o n  and improved 
accuracy.  Cons ide r ing  t h a t  t h e  computat ional  mesh l i n e s  a r e  n o t  a l i g n e d  w i t h  
t h e  o b l i q u e  shock wave, t h e  r e s u l t  seems t o  be s a t i s f a c t o r y .  The convergence 
r a t e  f o r  t h e  TVD scheme ( f i g .  7 )  i s  found t o  be comparable t o  t h a t  f o r  t h e  
a d a p t i v e  d i s s i p a t i o n  method ( f i g .  6 ) .  Moreover, t h e  computat ional  work per  
c y c l e  o f  t h e  p r e s e n t  symmetric TVD scheme i s  comparable t o  t h a t  o f  t h e  a d a p t i v e  
d i s s i p a t i o n  scheme. I n  genera l ,  symmetric TVD schemes o f f e r  a s i g n i f i c a n t  
r e d u c t i o n  o f  computat ional  comp lex i t y  i n  comparism w i t h  upwind TVD schemes, 
w h i l e  e x h i b i t i n g  comparable shock c a p t u r i n g  c a p a b i l i t i e s .  
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FIGURE 1. - COMPUTATIONAL GRID FOR A SCHEMATIC HIGH SPEED INLET. 

FIGURE 2. - MACH NUMBER CONTOURS FOR MACH 5 FLOW (ADAPTIVE 
DISSIPATION SCHEME). 

FIGURE 3. - MACH NUMBER CONTOURS FOR MACH 5 FLOW (PRESENT METHOD). 
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FIGURE 4 .  - MACH NUMBER ALONG THE CENTERLINE (ADAPTIVE D I S S I P A T I O N  
SCHEME). 
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FIGURE 5.  - MACH NUMBER ALONG THE CENTERLINE (PRESENT METHOD). 
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FIGURE 6 .  - CONVERGENCE HISTORY (ADAPTIVE D I S S I P A T I O N  SCHEME). 
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FIGURE 7. - CONVERGENCE HISTORY (PRESENT METHOD) 
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